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Abstract
In this paper, using the well known fact that the series of reciprocals of primes diverges,
we obtain a general inequality for gaps of consecutive primes that holds for infinitely many
primes. As it is shown the key ingredient for this direct approach is a consequence of the
the Kummer’s characterization of summable sequences of positive terms. Some interesting
consequences are then presented. In particular, we show how the twin-prime conjecture is
related to our main result.
Keywords: gaps, primes, Kummer’s test, Firoozbakht’s conjecture.
2010 MSC: 11A41, 28A20 .
1. Introduction
Let pn denote the nth prime number. The theory related to such numbers includes some
of the most interesting open problems and conjectures available in mathematics. Among
these open problems, the topic that deals with the gap between consecutive prime numbers,
that is, the one that investigates the behaviour of the sequence gn = pn+1−pn, has attracted
attention of the most prominent mathematicians in the area.
In ([3]) Dan Goldston, Ja´nos Pintz, and Cem Yildirim (also indicated as GPY) presented
a solution for a long-standing open problem. They proved that there are infinitely many
primes for which the gap to the next prime is as small as we want compared to the average
gap between consecutive primes. They showed that
lim inf
n→∞
pn+1 − pn
ln(pn)
= 0. (1)
There, the approach adopted is usually referred as the level of distribution of primes in
arithmetic progressions and, with an additional assumption on this level of distribution the
showed that
lim inf
n→∞
pn+1 − pn ≤ 16. (2)
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Latter, in [4] the same authors considerably improved (1) proving that
lim inf
n→∞
pn+1 − pn√
ln(pn) ln(ln(pn))2
<∞. (3)
This result shows that there exist pairs of primes nearly within the square root of the average
spacing.
In 2013, Yitang Zhang [12] published his celebrated paper providing the first proof of
finite gaps between prime numbers. In his work it is shown that
lim inf
n→∞
pn+1 − pn ≤ 7.10
7. (4)
His approach was a refinement of the work of Goldston, Pintz and Yildirim on the small
gaps between consecutive primes [3] and a major ingredient of the proof is a stronger version
of the Bombieri-Vinogradov theorem [12]. A nice exposition of the Zhang’s proof can be
found in [5].
The improvement of the Zhang’s numerical bound on the gaps was obtained right af-
ter. For instance, the work of Polymath8 ([9]) and Maynard ([7]) presented a reduction of
Zhang’s bound to 4680 and 600, respectively. In particular, in Maynard’s work the proofs
involved quite different methods to Zhang and brought the upper bound down to 600 using
the Bombieri- Vinogradov Theorem (not Zhangs stronger alternative) and an improvement
on GPY results. We refer to [8] and references there in for more information about the
developments of the investigation about gaps of prime numbers.
The main objective of this paper is to present a general inequality (Theorem 1) involving
gaps of infinitely many consecutive prime numbers which is our main result. In general, our
result states the inequality gn < pnun, holds for infinitely many (unknown) values of n, in
which {un} is a sequence of positive numbers, given by
un =
qn+1 − qn + 1
qn
, n ≥ 1,
where {qn} is any given sequence of positive numbers. In particular, this result may be seen
as an improvement of the Bertrand-Chebyshev theorem which state that for every ǫ > 0 the
inequality gn < pnǫ, holds for infinitely many values of n.
The reader will notice that the approach adopted to achieve our main result also deserve
a highlight since it deals with quite elementary methods and it is based on the Kummer’s
characterization of the convergence of series of positive terms ([11]).
From our main result some interesting consequences are presented, in particular, we
prove that the Firoozbakht’s conjecture ([2, 6]), that is,
p
1
n+1
n+1 < p
1
n
n , n ∈ N,
holds for infinitely many values of n. This conjecture has been verified for all primes below
4.108. Although we are only getting improvements of basic results about gaps of prime
numbers from elementary methods, we also indicate how our results may be related to the
remarkable estimates (1), (3) and (4) obtained for gaps of prime numbers . Moreover, we
also indicate how our main results are related to the twin-prime conjecture.
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2. Background
In this section we present some basic results and notation that will be needed in order
to state and prove our main theorem.
Let us start with the following classical result.
Lemma 1. The series
∑
1
pn
diverges.
The next result is a consequence of the prime number theorem (see [1, p. 80]). We will
make use of the asymptotic notation u(x) ∼ v(x), meaning that
lim
x→∞
u(x)
v(x)
= 1.
Lemma 2. We have the following asymptotic behaviour
pn ∼ n ln(n).
Consequently
ln(pn) ∼ ln(n ln(n)) ∼ ln(n).
Lemma 3. ([10]) For all positive integer n we have that n ln(n) < pn. Consequently,
ln(n) < ln(n ln(n)) < ln(pn) holds for all n ≥ 3.
As will be presented, the key ingredient for our main theorem is a consequence of the
Kummer’s test for convergence of series of positive terms ([11]). The statement of this result
is presented bellow and the main feature of if is that it characterizes the sequences of positive
terms that are summable in the sense that it provides necessary and sufficient conditions for
a positive sequence to be summable. For the convenience of the reader we include the proof
of this important result.
Lemma 4. A sequence {an} of positive real numbers is summable if and only if there exists
a sequence of positive numbers {bn}, a real number c > 0 and a positive integer n0 such that,
for all n > n0, the inequality
bn
an
an+1
− bn+1 ≥ c
holds .
Proof. Suppose that there exists a sequence of positive numbers {bn}, a real number c > 0
and a positive integer n0 such that, for all n > n0, the inequality
bn
an
an+1
− bn+1 ≥ c,
holds. This implies that
bnan − bn+1an+1 ≥ can+1, n ≥ n0.
3
For each k ≥ 0, this last inequality implies that
n0+k∑
n=n0
bnan − bn+1an+1 ≥ c
n0+k∑
n=n0
an+1,
that is,
bn0an0 − bn0+k+1an0+k+1 ≥ c
n0+k∑
n=n0
an+1.
Hence,
bn0an0 ≥ c
n0+k∑
n=n0
an+1,
for all k ≥ 0. This implies the convergence of the series
∑
an.
Conversely, if
∑
an = M define
qn =
M −
∑n
j=1 aj
an
, n ≥ 1.
For this sequence we have that
qn
an
an+1
− qn+1 =
M −
∑n
j=1 aj
an+1
−
M −
∑n+1
j=1 aj
an+1
= 1,
for all n ≥ 1. The proof is concluded.
Equivalently, Lemma 5 may be rewritten as follows.
Lemma 5. A sequence {an} of positive real numbers is summable if and only if there exists
a sequence of positive numbers {bn} and a positive integer n0 such that, for all n > n0, the
inequality
bn
an
an+1
− bn+1 ≥ 1
holds .
As a consequence of Lemma 5 we have the following lemma.
Lemma 6. Suppose that {an} is a sequence of positive real numbers such that
∑
1
an
diverges.
Then, for every sequence of positive numbers {bn} and every n0 ∈ N, there exists n
′ > n0
such that
bn′an′+1 − bn′+1an′ < an′.
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Proof. Suppose that there exists a sequence {bn} of positive real numbers and a n0 ∈ N such
that
bnan+1 − bn+1an ≥ an
for all n > n0. This implies that
bn
1/an
1/an+1
− bn+1 ≥ 1
for all n > n0, and therefore, by Lemma 5,
∑
1
an
would be convergent, but this is a contra-
diction.
3. Main result and consequences
The main result of this paper is as follows. The reader will note that it is a direct
consequence of Lemma 6.
Theorem 1. For every sequence {qn} of positive real numbers the inequality
qnpn+1 − qn+1pn < pn,
holds for infinitely many values of n, sufficiently large.
Proof. If we take an = pn in Lemma 6, since
∑
1
pn
diverges, the proof follows the same lines
the proof of Lemma 6.
In what follows gn = pn+1 − pn will denote the nth gap between the consecutive primes
pn+1 and pn.
From the previous Theorem 1 it is clear that,
Corollary 1. For every sequence {qn} of positive numbers, the inequalities
(i) gn < pn
(
qn+1 − qn + 1
qn
)
,
and
(ii)
pn+1
pn
<
qn+1 + 1
qn
,
holds for infinitely many values of n.
For suitable choices of {qn} in Theorem 1 some interesting consequences are obtained,
as it is shown below.
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Corollary 2. For infinitely many values of n the inequality
gn
pn
<
2
n
,
holds. In particular
lim inf
n→∞
gn
pn
= 0
and also
lim inf
n→∞
n
2pn
gn ≤ 1.
Proof. Define qn = n in Corollary 1.
If {qn} is a sequence of positive numbers, let us write
Qn := pn
qn+1 − qn + 1
qn
, n ≥ 1. (5)
We will also write Ξ({qn}) to denote the subset of N, of indexes n for which gn < Qn, as
indicated in Corollary 1-(i).
The following result is related to the remarkable estimates (1) and (3), obtained in [3]
and [4], respectively. These estimates were obtained through technical and deep results from
analytic number theory. As we indicate, for suitable choices of {qn} in Corollary 1 it may
be possible to obtain such estimates however, the effort now is directionated to obtain the
sequence {qn} and the set Ξ({qn}).
Corollary 3. (i) If there exists a sequence {qn} of positive numbers such that gn < Qn for
n ∈ Ξ({qn}) and
lim
n∈Ξ({qn})
n
qn+1 − qn + 1
qn
= 0
then
lim inf
n→∞
gn
ln(pn)
= 0.
(ii) If there exists a sequence {qn} of positive numbers such that gn < Qn for n ∈ Ξ({qn})
and
lim
n∈Ξ({qn})
n ln(n)1/2
ln(ln(n))2
qn+1 − qn + 1
qn
<∞
then
lim inf
n→∞
gn
ln(pn)1/2 ln(ln(pn))2
<∞.
Proof. From Corollary 1-(i) it follows that for such {qn} the inequality
gn
ln(pn)
<
pn
n ln(n)
ln(n)
ln(pn)
n
qn+1 − qn + 1
qn
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holds for all the infinitely many values n in Ξ({qn}). Thus, if
lim
n∈Ξ({qn})
n
qn+1 − qn + 1
qn
= 0
an application of Lemma 2 in the last inequality implies that
lim inf
n→∞
gn
ln(pn)
= 0.
For (ii), the same idea applies since, from Corollary 1, for every {qn}
gn
ln(pn)1/2 ln(ln(pn))2
<
n ln(pn)
1/2
ln(ln(pn))2
qn+1 − qn + 1
qn
,
holds for all infinitely many values n ∈ Ξ({qn}).
Remark. It is important to note that for any sequence {qn} of positive numbers, we have
that nQn > 1 for infinitely many values of n. This may been seen as a consequence of
Lemma 6 with an = n. That is, since
∑
1
n
diverges, we conclude that, for every sequence
{qn} of positive terms the inequality
1 < n
qn+1 − qn + 1
qn
,
holds for infinitely many values of n.
Note also that from our results we are able to extract the following result related to (3)
via much more elementary arguments.
Corollary 4. For every ǫ > 0
lim inf
n→∞
gn
ln(pn)1+ǫ
= 0.
Proof. Let ǫ > 0. Again, from Corollary 1-(i) it follows that for such {qn} the inequality
gn
ln(pn)1+ǫ
<
pn
n ln(n)
n ln(n)
ln(pn)1+ǫ
qn+1 − qn + 1
qn
holds for all the infinitely many values n in Ξ({qn}). If we take qn = n, for all n ≥ 1 then
gn
ln(pn)1+ǫ
< 2
pn
n ln(n)
ln(n)
ln(pn)1+ǫ
for infinitely many values of n, hence, from Lemma 2
lim inf
n→∞
gn
ln(pn)1+ǫ
≤ 2 lim inf
n→∞
pn
n ln(n)
ln(n)
ln(pn)1+ǫ
= 0.
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Another interesting consequence of Theorem 1 which is related to the celebrated result
of Zhang ([12]) is presented below.
Corollary 5. If there exists a sequence {qn} of positive numbers such that the sequence
{Qn}, as in (5), is nonincreasing, then lim infn→∞ gn <∞.
Proof. If there exists such {qn}, then gn < Qn, for infinitely many values of n ∈ Ξ({qn}).
But, since Qn > 0 for all n, the monotone convergence theorem implies that Qn converges
to a positive number M ≥ 2, since gn < Qn, for such indexes. Passing to the limit in this
last inequality we conclude that lim infn→∞ gn ≤M .
Note that a {qn} that satisfies Corollary 5 may be obtained from the non-negative solu-
tion(s) of the second order non-linear recurrence relation
qn+2 ≤
[
pn
pn+1
(
qn+1 − qn + 1
qn
)
+ 1
]
qn+1 − 1.
The next corollary is related to the well known Firoozbakht’s conjecture ([2, 6]). This
conjecture asserts that the sequence {p
1/n
n } is decreasing for all n ≥ 1 and its been verified
for all primes below 4.108.
Let us first prove a technical lemma that will be needed.
Lemma 7.
lim
n→∞
p1/nn = 1.
Proof. It follows from Lemma 2 that
lim
n→∞
p1/nn = lim
n→∞
e
ln(pn)
n = lim
n→∞
e
ln(n)
n = 1.
Corollary 6. For infinitely many values of n the following inequality holds
p
1
n+1
n+1
p
1
n
n
<
ln(n+ 1) + p
−1+ 1
n+1
n+1
ln(n)
.
That is
lim inf
n→∞
p
1
n+1
n+1
p
1
n
n
≤ 1.
Proof. In Corollary 1 if we take qn = p
1− 1
n
n ln(n) and apply it in (ii) then we obtain the
inequality
p
1
n+1
n+1
p
1
n
n
<
ln(n+ 1) + p
−1+ 1
n+1
n+1
ln(n)
,
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for infinitely many values of n. Therefore, from Lemma 7
lim inf
n→∞
p
1
n+1
n+1
p
1
n
n
≤ 1.
As a consequence of the previous corollary, following the same ideas of the proof of [6,
Theorem 1], but for infinitely many indexes n, we can conclude that:
Corollary 7. For infinitely many values of n the following inequality holds
gn < ln(pn)
2 − ln(pn)− 1,
with n ≥ 10.
However, it follows from Corollary 1 that it possible to get a sharper bound than this
one presented in Corollary 7. For instance:
Corollary 8. For infinitely many values of n the following inequality holds
gn < (n+ 1) ln(n+ 1)− n ln(n) + 1,
with n large.
Proof. It is enough to take qn = n ln(n) in Corollary 1 and apply Lemma 2.
Let b ≥ 1. Now, in order to show that the bound presented in Corollary 8 is sharper
that the one presented in Corollary 7, that is,
(n + 1) ln(n + 1)− n ln(n) + 1 < ln(pn)
2 − ln(pn)− b,
for all n sufficiently large, note that this last is equivalent to the following inequality
(n + 1) ln(n + 1)− n ln(n) + 1
ln(pn)2 − ln(pn)− b
< 1,
for n sufficiently large and ln(pn)
2 − ln(pn)− b 6= 0.
To see that this last inequality holds for all n sufficiently large, we may apply the limit
to the left hand side of this inequality and obtain that
lim
n→∞
(n+ 1) ln(n+ 1)− n ln(n) + 1
ln(pn)2 − ln(pn)− b
= lim
n→∞
ln(n + 1)
ln(pn)
1 +
ln[(n+1
n
)
n
]
ln(n+1)
+ 1
ln(n+1)
ln(pn)− 1−
b
ln(pn)
= 0,
since from Lemma 2
lim
n→∞
ln(n+ 1)
ln(pn)
= 1.
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4. Final remarks
In this paper we presented an alternative and elementary method to deal with gaps
of consecutive primes. The central idea is to use a consequence of the Kummer’s test for
convergence of series of positive terms and the divergence of the series of the reciprocals of
the prime numbers. The main feature is that the proposed method demands less technical
efforts to obtain bounds for the gaps of consecutive primes. However the task of finding
suitable auxiliary sequences {qn} may not be easy. This behaviour is inherited from the
Kummer’s test, which is more theoretical-functional than practical.
Let us conclude the paper by relating our results to the twin-prime conjecture.
For instance, if we choose the sequence {qn} in Theorem 1 as
qn =
{
n ln(n), if n is even
(n− 1) ln(n), if n is odd
then, for infinitely many values of n the inequality
gn < pn
qn+1 − qn + 1
qn
(6)
holds. In particular, note that, for n even
lim
n→∞
pn
qn+1 − qn + 1
qn
= 2.
That is, if Ξ({qn}) has infinitely many even numbers then gn = 2 for all n ∈ Ξ({qn}) . Hence,
if (6) holds for infinitely many even values of n then the twin-prime conjecture would be
true. However, for n odd we have that
lim
n→∞
pn
qn+1 − qn + 1
qn
=∞,
which gives no information about the twin-prime conjecture.
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